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1. Nov 3, Definition of sheaf cohomology

Definition 1.1. Let A be a commutative ring. An A-module L is injective if it
satisfies the following equivalent conditions:

(1) Hom(•, L) is right exact.
(2) For all injective homomorphism j : X ′ → X and for all homomorphism

f ′ : X ′ → L, there exists a homomorphism f : X → L such that f ◦ j = f ′.
(3) For all ideals I of A and for all homomorphism f : I → L, there exists u ∈ L

such that f(a) = au for all a ∈ I.

Proof. We only prove (3) =⇒ (2).
Let j : X ′ ↪→ X be an injective homomorphism and let f ′ : X ′ → L be a homo-

morphism. Define the set S of pairs (Y, g) of A-module Y with a homomorphism
g : Y → L such that j(X ′) ⊂ Y ⊂ X and (g|j(X′)) ◦ j = f ′. S is partially or-
dered by defining (Y, g) ≤ (Y ′, g′) if Y ⊂ Y ′ and g′|Y = g. Then S 6= ∅ because
(j(X ′), f) ∈ S. Also any totally ordered subset (Yα, gα) of S has an upper bound
(
⋃
α
Yα, G) with G|Yα = gα. By Zorn’s lemma, S has a maximal element (Y0, g0).

Next, we want to show that Y0 = X. If Y0 ( X, take x ∈ X ′\Y0. Define an ideal
I = {a ∈ A | ax ∈ Y0} of A and a homomorphism h : I → L, h(a) = g0(ax). By (3),
there exists u ∈ L such that h(a) = g0(ax) = au for all a ∈ I. Let Y1 = Y0+Ax and
g1 : Y1 → L, g1(y+ ax) = g0(y) + au for all y ∈ Y0, a ∈ A. Then (Y0, g0) < (Y1, g1)
and (Y1, g1) ∈ S, which contradicts the maximality of (Y0, g0). Therefore Y0 = X
and we take f = g0. �

Example 1.2. Q/Z is an injective abelian group.
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2 ZHENGYAO WU

Proof. Abelian groups are Z-modules. We verify Definition 1.1(3). For zero ideal
it is trivial. Let (n) be an nonzero ideal of Z. Let f : (n) → Q/Z be a Z-
homomorphism. Suppose f(n) = q + Z for some q ∈ Q ∩ [0, 1). Let u = 1

nq + Z.
Then for all m ∈ Z, mn ∈ I and f(mn) = mq + Z = mnu. �

Let L be an A-module. Let L̂ = HomZ(L,Q/Z). Let
̂̂
L = HomZ(L̂,Q/Z). Then

we have a homomorphism iL : L→ ̂̂
L defined as follows: For all x ∈ L and f ∈ L̂,

(iL(x))(f) = f(x).

Lemma 1.3. iL : L→ ̂̂
L is an injective homomorphism.

Proof. Suppose x ∈ L and x 6= 0. Let 〈x〉 be the cyclic abelian group generated by
x. Then 〈x〉 is a subgroup of L. When x has order n, we define g : 〈x〉 → Q/Z,
g(x) = 1

n + Z. When x has infinite order, we define g : 〈x〉 → Q/Z, g(x) = 1
2 + Z.

By Example 1.2, Q/Z is injective, there exists a homomorphism f : L → Q/Z
such that f |〈x〉 = g and f(x) = g(x) 6= 0. �

Lemma 1.4. If L is projective, then L̂ is injective.

Proof. Let j : X ′ → X be an injective homomorphism. Let f : X ′ → L̂ be a

homomorphism. Since Q/Z is injective, by Definition 1.1(1), ĵ : X̂ → X̂ ′ defined

by ĵ(g) = g ◦ j is surjective. We also have f̂ :
̂̂
L→ X̂ ′. Since L̂ is projective, there

exists h : L→ X̂ such that ĵ ◦ h = f̂ ◦ iL.

L

iL��

∃h

��

̂̂
L

f̂
��

X̂
ĵ // X̂ ′ // 0

Then we have ĥ :
̂̂
X → L̂. By Lemma 1.3, iX : X → ̂̂

X is an injective homomor-
phism. Then for all x′ ∈ X ′ and l ∈ L, we have

((ĥ ◦ iX ◦ j)(x′))(l) = (iX(j(x′)))(h(l)) = (h(l))(j(x′)) = ((ĵ ◦ h)(l))(x′)

= ((f̂ ◦ i)(l))(x′) = (ι(l))(f(x′)) = f(x′)(l)

Therefore ĥ ◦ iX ◦ j = f and hence L̂ is injective.

0 // X ′
j //

f

��

X

iX��̂̂
X

ĥ��
L̂

�
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Proposition 1.5. Let A be a commutative ring. Any A-module is isomorphic to
a submodule of an injective A-module.

Proof. Let L be an A-module. There exists a projective module P with a surjection

π : P → L̂. Then, π̂ :
̂̂
L → P̂ is an injection. By Lemma 1.3 we have an injection

π̂ ◦ i : L→ F̂ . By Lemma 1.4, F̂ is an injective A-module. �

Let X be a topological space.

Fact 1.6. Let F,G,H be sheaves of abelian groups on X. Then F
a−→ G

b−→ H is

exact iff Fx
ax−→ Gx

bx−→ Hx is exact for all x ∈ X.

Proof. Omit. �

Let OX be a sheaf of rings on X. Let Mod(OX) be the category of sheaves of
OX -modules.

Theorem 1.7. Mod(OX) has enough injectives.

Proof. Let F be a sheaf of OX -module.
(1) Construct a sheaf I. Then for all x ∈ X, Fx is a OX,x-module. By Propo-

sition 1.5, there exists an injective OX,x-module I with an injection ix : Fx → Ix.
Then Ix is a sheaf on {x}. Suppose jx : {x} → X is the inclusion map. Then (jx)∗Ix
is a sheaf of OX -module. Let I =

∏
x∈X

(jx)∗Ix. Then I is a sheaf of OX -module.

(2) Construct an injection ι : F → I. Since

HomMod(OX)(F, I) = HomMod(OX)(F,
∏
x∈X

(jx)∗Ix)

'
∏
x∈X

HomMod(OX)(F, (jx)∗Ix) '
∏
x∈X

HomOX,x(Fx, Ix)

There exists a morphism ι : F → I whose morphism on stalks are (ix)x∈X . Since
ix are all injections, by Fact 1.6, i is an injection.

(3) Show that I is an injective sheaf. HomMod(OX)(•, I) is formed by three kinds

of functors •x, HomOX,x(•, Ix) and
∏
x∈X
•. By Fact 1.6, •x is exact for all x ∈ X.

Since Ix is injective, by Definition 1.1, HomOX,x(•, Ix) is exact for all x ∈ X. Also,
the product

∏
x∈X
• of exact functors is exact. Therefore HomMod(OX)(•, I) is exact.

By Definition 1.1, I is injective. �

Let Ab be the category of abelian groups. Let Ab(X) be the category of sheaves
of abelian groups on X.

Corollary 1.8. Ab(X) has enough injectives.

Proof. Let OX be the locally constant sheaf of rings Z. Then the result follows
from Ab(X) = Mod(Z) and Theorem 1.7. �

Lemma 1.9. The global section functor Γ(X, •) : Ab(X) → Ab such that
Γ(X,F ) = F (X) is left exact.
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Proof. Suppose 0→ F
i−→ G

q−→ H → 0 is exact. We want to show that

0→ F (X)
iX−−→ G(X)

qX−−→ H(X)

is exact.
iX is injective. In fact, suppose s ∈ F (X) such that iX(s) = 0. Then ix(sx) =

(iX(s))x = 0 for all x ∈ X. By Fact 1.6, sx = 0 for all x ∈ X. For each x ∈ X,
there exists an open neighborhood Ux of x such that s|Ux = 0. Since (Ux)x∈X is an
open covering of X and F is a sheaf, s = 0.

ker(qX) ⊃ Im(iX). In fact, suppose s ∈ F (X), let t = qX(iX(s)) ∈ H(X).

Then tx = qx(ix(sx)) = 0. For each x ∈ X, there exists an open neighborhood Ux
of x such that t|Ux = 0. Since (Ux)x∈X is an open covering of X and H is a sheaf,
t = 0.

ker(qX) ⊂ Im(iX). In fact, suppose s ∈ G(X) such that qX(s) = 0. Then

qx(sx) = (qX(s))x = 0 for all x ∈ X. By Fact 1.6, sx = ix(tx) for some tx ∈ Fx

for all x ∈ X. Then there exists an open neighborhood Ux of x and tUx ∈ F (Ux)
such that s|Ux = iUx(tUx). If Ux ∩ Uy 6= ∅, then iUx∩Uy (tUx |Ux∩Uy − tUx |Ux∩Uy ) =
s|Ux∩Uy − s|Ux∩Uy = 0. Since i is injective, tUx |Ux∩Uy = tUx |Ux∩Uy . Since F is a
sheaf and (Ux)x∈X is a covering of X, there exists t ∈ F (X) such that t|Ux = tUx .
Since (iX(t))|Ux = iUx(t|Ux) = iUx(tUx) = s|Ux for all x ∈ X, G is a sheaf and
(Ux)x∈X is a covering of X, we have iX(t) = s. �

Example 1.10. Γ(X, •) : Ab(X)→ Ab is not necessarily right exact.
Let X = C∗ with analytic topology. Let Z be the locally constant sheaf asso-

ciated to Z. Let O be the sheaf of holomorphic functions. Let O∗ be the sheaf of
invertible holomorphic functions. Then we have an exact sequence

0→ Z •2π
√
−1−−−−−→ O exp−−→ O∗ → 1.

For all w ∈ C, Zw = Z, Ow = {f : Uw → C | ∃f ′(z),∀z ∈ Uw} and O∗w = {f :
Uw → C | ∃f ′(z),∀z ∈ Uw, f(w) 6= 0, }, where Uw is some open neighborhood of w.

0→ Z •2π
√
−1−−−−−→ Ow

exp−−→ O∗w → 0

is exact at Z and Ow because e2π
√
−1 = 0. And exp is surjective because let

g(z) = ln(f(z)) on a neighborhood of w such that ln is a well-defined logarithm

function on a band neighborhood of f(w) of width 2π. Then g′(w) =
f ′(w)

f(w)
exists

and hence g is a inverse image of f .
However, exp : O(C∗) → O∗(C∗) is not surjective because IdC∗ ∈ O∗(C∗) does

not have an inverse image. If not, there exists f ∈ O(C∗) such that ef = IdC∗ , then

f |C∗\(−∞,0)(reθ
√
−1) = ln(r) + θ

√
−1 + 2nπ

√
−1

for some n ∈ Z, where r > 0 and −π < θ < π;

f |C∗\(0,+∞)(re
θ′
√
−1) = ln(r) + θ′

√
−1 + 2mπ

√
−1

for some n ∈ Z, where r > 0 and 0 < θ′ < 2π.
If 0 < θ = θ′ < π, then n = m. If −π < θ′ = θ + 2π < 0, then n = m − 1.

Contradiction.
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Definition 1.11. Let X be a topological space (By Corollary 1.8, it has enough in-
jectives). Let Γ(X, •) : Ab(X)→ Ab be the global section functor (By Lemma 1.9
it is left exact). Define

Hi(X, •) = RiΓ(X, •) : Ab(X)→ Ab, i = 0, 1, . . .

be the sequence of right derived functors of Γ(X, •). Let F be a sheaf of abelian
groups on X. Then Hi(X,F ) is called the i-th sheaf cohomology of F .

Remark 1.12. (1) Definition 1.11 provides the first way to calculate sheaf coho-
mology. Let F be a sheaf of OX -module. Let 0 → F → I0 → I1 → · · · be a
injective resolution of F . Apply Γ(X, •) to the resolution, we obtain a complex

0→ Γ(X, I0)→ Γ(X, I1)→ · · ·

The usual i-th cohomology of this complex is hi(Γ(X, I•)) ' Hi(X,F ).
(2) The disadvantage of (1) is that: Despite that there are enough injectives,

there are still “too few”. That is why we need flasque sheaves.

Definition 1.13. Let X be a topological space. Let F be a sheaf of abelian groups
on X. We say that F is flasque if for all inclusion of open sets V ⊂ U in X, the
restriction F (U)→ F (V ) is surjective.

Fact 1.14. Let U be an open set of X. Let j : U → X be the inclusion map. Let
j!(F ) be the sheaf associated to the presheaf

V 7→
{

F (V ), V ⊂ U ;
0, V 6⊂ U

Then for all x ∈ X
j!(F )x =

{
Fx, x ∈ U ;
0, x 6∈ U.

Proof. Omit. �

Lemma 1.15. Let OX be a sheaf of rings on X. Let U be an open set of X with
inclusion j : U → X. Write OU = j!(OX |U). Then for all sheaf of OX -modules G,

HomMod(OX)(OU , G) ' G(U).

Proof. Define α : HomMod(OX)(OU , G) → G(U). For all natural transformation
f : OU → G and for all open subset V ⊂ U , there exists fV : OU (V ) = OX(V ) →
G(V ) commuting with restrictions. In particular, we have fU : OX(U) → G(U),
define α(f) = fU (1).

Define β : G(U) → HomMod(OX)(OU , G). For all g ∈ G(U) and for all open
subset V ⊂ U , g|V ∈ G(V ). Define β(g) : OU → G such that β(g)V (x) = x · g|V
for all x ∈ OU (V ) = OX(V ).

For all f ∈ HomMod(OX)(OU , G), V open in U and x ∈ OU (V ),

β(α(f))V (x) = x · (α(f)|V ) = x · fU (1)|V = x · fV (1) = fV (x),

Hence β ◦ α = Id.
Conversely, for all g ∈ G(U),

α(β(g)) = β(g)U (1) = 1 · g|U = g,

Hence α ◦ β = Id.
This is basically like the proof of Yoneda lemma. �



6 ZHENGYAO WU

The next lemma shows that there are “more” flasque sheaves than injective
sheaves.

Lemma 1.16. Let OX be a sheaf of rings on X. Any injective OX -module is
flasque.

Proof. Suppose V ⊂ U is an inclusion of open sets in X. By Fact 1.14, the inclusion
gives the canonical injection OV → OU . Let I be an injective sheaf of OX -module.
By Definition 1.1, there exists a canonical surjection

HomMod(OX)(OU , I)→ HomMod(OX)(OV , I)

By Lemma 1.15, this surjection is identified with the restriction I(U)→ I(V ). �
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2. Nov 10, Sheaf cohomology and flasque resolution

Review: Let X be a topological space. Let OX be a sheaf of rings on X.

(1) Mod(OX) has enough injectives. e.g. Ab(X).
(2) Γ(X, •) : Ab(X)→ Ab is left exact. e.g. 0→ Z→ O → O∗ → 1 on C∗.
(3) Hn(X, •) = RnΓ(X, •). e.g. H0(X,F ) = Γ(X,F ).
(4) A sheaf F is flasque if the restriction F (U) → F (V ) is surjective for all

inclusions of open sets V ⊂ U . e.g. injectives sheaves of OX -modules.

Definition 2.1. A sheaf of OX -module F is acyclic if Hn(X,F ) = 0 for all
n ≥ 1.

Example 2.2. Let I be an injective sheaf of OX -modules. Then 0 → I → I → 0
is an injective resolution of I. We obtain a complex 0 → Γ(X, I) → 0. Hence
Hn(X, I) = 0 for all i ≥ 1. Hence, injective sheaves of OX -modules are acyclic.

Next we want to show that flasque sheaves of OX -modules are acyclic. Fix
the following notations for Lemma 2.3, Lemma 2.4 and Theorem 2.5. Let F be
a flasque sheaf of OX -module By Theorem 1.7, there exists an injective sheaf of
OX -module I with an injection i : F → I. Let G = coker(i). Since Mod(OX) is
an abelian category, G is a sheaf. Then we have an exact sequence

0→ F
i−→ I

q−→ G→ 0

Lemma 2.3.

0→ F (U)
iU−→ I(U)

qU−−→ G(U)→ 0

is exact for all open set U of X.

Proof. By Lemma 1.9, it suffices to show that qU is a surjection. Suppose s ∈ G(U).
Let T = {(V, t) | V ⊂ U, t ∈ I(V ), qV (t) = s|V }. Define (V, t) ≤ (V ′t′) iff V ⊂ V ′

and t′|V = t. First, T 6= ∅ because (∅, 0) ∈ T . Second, any totally ordered subset
(Vα, tα) has an upper bound (

⋃
α
Vα, t) with t|Vα = tα as I is a sheaf. By Zorn’s

lemma, T has a maximal element (V0, t0).
We want to show that V0 = U and hence t0 is an inverse image of s. If

not, then there exists x ∈ U \ V0. Since qx : Ix → Gx is surjective, there ex-
ists an open neighborhood W of x and t′ ∈ I(W ) such that qW (t′) = s|W . Since
qW∩V0(t0|W∩V0−t′|W∩V0) = s|W∩V0−s|W∩V0 = 0, there exists r′ ∈ F (W ∩V0) such
that iW∩V0(r′) = t0|W∩V0 − t′|W∩V0 . Since F is flasque, the restriction F (W ) →
F (W ∩ V0) is surjective. Then there exists r ∈ F (W ) such that r|W∩V0

= r′. Let
t′′ = t′ + iW (r). Then t′′|W∩V0

= t′|W∩V0
+ iW (r)|W∩V0

= t0|W∩V0
. Since I is a

sheaf, t0 and t′′ are glued to t̃ ∈ I(W ∪ V0). We have (V0, t0) < (W ∪ V0, t̃) ∈ T , a
contradiction. Therefore V0 = U and qU (t) = s. �

Lemma 2.4. G is flasque.

Proof. Suppose V ⊂ U is an inclusion of open sets in X. By Lemma 2.3, we have
a commutative diagram with exact rows:

0 // F (U) //

a

��

I(U) //

b

��

G(U) //

c

��

0

0 // F (V ) // I(V ) // G(V ) // 0
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where a, b, c are restrictions. By Snake lemma, we have an exact sequence

· · · → coker(b)→ coker(c)→ 0.

Since I is injective, by Lemma 1.16, it is flasque and hence coker(b) = 0. Therefore
coker(c) = 0, i.e. G is flasque. �

Theorem 2.5. Flasque sheaves of OX-modules are acyclic.

Proof. Let F be a flasque sheaf of OX -module. We want to show that Hn(X,F ) =
0 for all n ≥ 1.

We use induction on n. Let I,G be as above. Let I0 = I. Let I1 be an injective
OX -module containing G. Then 0→ F → I0 → I1 → · · · gives a complex

0→ Γ(X, I)
d0−→ Γ(X, I1)

d1−→ · · ·

So

H1(U,F ) =
ker(d1)

Im(d0)
=

G(U)

Im(qU )
= 0

for all open set U of X. In particular, H1(X,F ) = 0.
Suppose the n-th cohomology vanishes for all flasque sheaves. In particular,

Hn(X,F ) = 0. We need to show that Hn+1(X,F ) = 0. The short exact sequence
0→ F → I → G→ 0 gives a long exact sequence

· · · → Hn(X, I)→ Hn(X,G)→ Hn+1(X,F )→ Hn+1(X, I)→ · · ·

Since I is injective, by Example 2.2, Hn+1(X, I) = 0. By Lemma 2.4, G is flasque.
By inductive hypothesis, Hn(X,G) = 0. Therefore Hn+1(X,F ) = 0. �

Fact 2.6 (Horseshoe). Let C be an abelian category with enough injectives. Let

0→ A1
i−→ A2

p−→ A3 → 0 be an exact sequence in C. Let 0→ A1
a−→ I01

a0−→ I11
a1−→

· · · and 0→ A3
c−→ I03

c0−→ I13
c1−→ · · · be two injective resolutions. Then there exists

an injective resolution 0→ A2
b−→ I02

b0−→ I12
b1−→ · · · and horizontal morphisms such

that the following diagram is commutative with exact columns and split-exact
rows.

0

��

0

��

0

��
0 // A1

a

��

i // A2

b
��

p // A3

c

��

// 0

0 // I01

a0

��

i0 // I02

b0

��

p0 // I03

c0

��

// 0

0 // I11

a1��

i1 // I12

b1��

p1 // I13

c1��

// 0

...
...

...

Proof. Omit. �
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Lemma 2.7. Let C• be a complex in an abelian category with enough injectives.
Then there exists an injective resolution

0→ C• → I•,0 → I•,1 → · · ·

such that

0→ Zp(C•)→ Zp(I•,0)→ Zp(I•,1)→ · · · ,

0→ Bp(C•)→ Bp(I•,0)→ Bp(I•,1)→ · · · ,

0→ hp(C•)→ hp(I•,0)→ hp(I•,1)→ · · ·

are injective resolutions (i.e. Cartan-Eilenberg resolution exists).

Proof. We use Z for kernels, B for images and h for usual cohomologies.
First, we select injective resolutions for Bp(C•) and hp(C•) for all p.
Since 0 → Bp−1(C•) → Zp(C•) → hp(C•) → 0, by Fact 2.6, we obtain an

injective resolution for Zp(C•) for all p.
Since 0 → Zp(C•) → Cp → Bp(C•) → 0, by Fact 2.6, we obtain an injective

resolution for Cp for all p. �

Acyclic sheaves of OX -modules provides a second way to calculate sheaf coho-
mology.

Theorem 2.8 (De Rham-Weil). Let F be a sheaf of OX-module. Let 0 → F →
J0 → J1 → · · · be a acyclic (e.g. flasque) resolution of F . Apply Γ(X, •) to the
resolution, we obtain a complex

0→ Γ(X, J0)→ Γ(X, J1)→ · · ·

The usual i-th cohomology of this complex is hi(Γ(X,J•)) ' Hi(X,F ).

Proof. By Lemma 2.7, let the following be an injective resolution of 0→ F → J•.

...
...

...
...

0 // I1

OO

// I0,1

OO

// I1,1

OO

// I2,1

OO

// · · ·

0 // I0

OO

// I0,0

OO

// I1,0

OO

// I2,0

OO

// · · ·

0 // F

OO

// J0

OO

// J1

OO

// J2

OO

// · · ·

0

OO

0

OO

0

OO

0

OO

By Lemma 1.9, Γ(X, •) is left exact, apply it everywhere, and replace the left column
and the bottom row with 0, then we have a double complex Cp,q = Γ(X, Ip,q) in
Ab.
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(2.9)
...

...
...

0 // Γ(X, I0,1)

OO

// Γ(X, I1,1)

OO

// Γ(X, I2,1)

OO

// · · ·

0 // Γ(X, I0,0)

OO

// Γ(X, I1,0)

OO

// Γ(X, I2,0)

OO

// · · ·

0

OO

0

OO

0

OO

First, we take the vertical spectral sequence. Let vE
p,q
0 = Cp,q. Since Jp are all

acyclic, we have

vE
p,q
1 =

{
Γ(X, Jp), q = 0;
0, q > 0.

Then

vE
p,q
2 =

{
hp(Γ(X, J•)), q = 0;
0, q > 0.

Hence vE
p,q
2 = Ep,q∞ and vE

p,q
2 ⇒ hp+q(Γ(X,J•)).

Next, we take the horizontal spectral sequence. Let hE
p,q
0 = Cq,p. Since 0 →

F
d−1

−−→ J0 d0−→ J1 → · · · is exact, we have Zp = Bp−1 for all p ≥ 0. Let 0 →
Zp → Zp,0 → Zp,1 → · · · be an injective resolution of Zp. By the construction of
Lemma 2.7, Ip = Z0,p, Iq,p = Zq,p ⊕ Zq+1,p and the homomorphism

Iq,p = Zq,p ⊕ Zq+1,p → Iq+1,p = Zq+1,p ⊕ Zq+2,p, (x, y) 7→ (y, 0)

has kernel Zq,p and image Zq+1,p for all p, q ≥ 0. Hence hq(I•,p) = 0 for all q ≥ 1.
Then 0 → Ip → I0,p → I1,p → · · · is injective resolution of the injective Ip. By
Example 2.2,

hE
p,q
1 = hq(Γ(X, I•,p)) =

{
Γ(X, Ip), q = 0;
0, q > 0.

Then

hE
p,q
2 =

{
hp(Γ(X, I•)) = Hp(X,F ), p = 0;
0, p > 0.

Hence hE
p,q
2 = hE

p,q
∞ and hE

p,q
2 ⇒ Hp+q(X,F ).

Finally, since two spectral sequences of the same double complex have isomorphic
abutment, we have

hn(Γ(X, J•)) ' Hn(X,F )

for all n.
�

Example 2.10. If X is an irreducible topological space with a locally constant
sheaf of abelian group A, then Hn(X,A) = 0 for all n ≥ 1.
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Proof. Since X is irreducible, every nonempty open subset of X is connected. For
all inclusion of open subsets V ⊂ U , A(U) → A(V ) is Id : A → A or A → 0 or
0 → 0. All three possibilities are surjective. Then A is flasque. By Theorem 2.5,
Hn(X,A) = 0 for all n ≥ 1. �

Remark 2.11. Sheaf cohomology is “bad”, because by Example 2.10, it does not
do anything even on constant sheaves. We need a better one (étale cohomology).

Despite that there are “more” flasque sheaves and even “more” acyclic sheaves,
sheaf cohomology is still hard to compute. That is why we need Čech cohomology,
which are easier to compute.

Definition 2.12. Let U = (Ui)i∈I be an open covering of X whose index set I
has a well-ordering(i.e. totally ordered such that every nonempty subset has a least
element). Let F be a sheaf of OX -modules. If W is an open set of X with inclusion
jW : W ↪→ X, then (jW )∗(F |W ) is a sheaf on X such that (jW )∗(F |W )(U) =
F (U ∩W ) for all open set U ⊂ X. Let

C n(U ,F ) =
∏

i0<i1<···<in in I

(jUi0∩···∩Uin )∗(F |Ui0 ∩ · · · ∩ Uin).

For all x ∈ X, define ∂nx : C n(U ,F )x → C n+1(U ,F )x as follows. Suppose
x ∈ Uim . Let V be an open neighborhood of x in Uim and let

s ∈ C n(U ,F )(V ) =
∏

i0<i1<···<in in I

Γ(V ∩ Ui0 ∩ · · · ∩ Uin ,F )

∂nx (s)i0,··· ,in+1 =

 n∑
j=0

(−1)jsi0,··· ,îj ,··· ,in+1
|V ∩ Ui0 ∩ · · · Ûij · · · ∩ Uin+1


x

We simply write

∂nx (V, s)i0···in+1 =

n∑
j=0

(−1)j(V, s)i0···îj ···in+1

Fact 2.13. (C n, ∂n) is a complex in Mod(OX).

Proof. Sketch: ∂2 =
∑
j,k

((−1)j+(k−1) + (−1)j+k) · · · = 0 �

Lemma 2.14.

0→ F → C 0(U ,F )
∂0

−→ C 1(U ,F )
∂1

−→ · · ·
is exact (called the Čech resolution of F ).

Proof. It suffices to show that

0→ Fx → C 0(U ,F )x
∂0
x−→ C 1(U ,F )x

∂1
x−→ · · ·

is exact for all x ∈ X.
Suppose x ∈ Uim , define knx : C n(U ,F )x → C n−1(U ,F )x: Let V be an open

neighborhood of x in Uim and s ∈ C n(U ,F )(V ), let kn(s) ∈ C n−1(U ,F )(V )
satisfy

(knx (s))i0,...,in−1
= (s|Uim ∩ Ui0 ∩ . . . ∩ Uin−1

)x

We simply write

knx (V, s)i0···in−1
= (V, s)im,i0···in−1
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Then

((∂n−1x ◦ knx + kn+1
x ◦ ∂nx )(V, s))i0,...,in

=
n∑
j=0

(−1)jknx (V, s)i0···îj ···in + ∂nx (V, s)im,i0···in

=
n∑
j=0

(−1)j(V, s)im,i0···îj ···in + si0···in +
n+1∑
j=1

(−1)j(V, s)im,i0···îj−1···in

=
n∑
j=0

(−1)j(V, s)im,i0···îj ···in + si0···in +
n∑
l=0
l=j−1

(−1)l+1(V, s)im,i0···îk···in

= (V, s)i0···in

Then ∂n−1 ◦kn+kn+1 ◦∂n = Id. Hence Idhn(C•(U ,F)) = hn(IdC•(U ,F)) = hn(0) =
0. Therefore hn(C •(U ,F )) = 0 for all n ≥ 1. The sequence is exact at first two
terms since F is a sheaf. �

Definition 2.15. Apply Γ(X, •) to the Čech resolution, we have a complex Γ(X,C •(U ,F )).
We write Ȟn(U ,F ) = hn(Γ(X,C •(U ,F ))).
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3. Nov 17, Sheaf cohomology and Čech cohomology

Review: Let X be a topological space. Let OX be a sheaf of rings on X.

(1) An OX -module F is acyclic if Hn(X,F ) = 0 for all n ≥ 1. e.g. flasque
sheaves of OX -modules; the locally constant sheaf A on an irreducible topo-
logical space X, where A is an abelian group.

(2) De Rham-Weil theorem: If 0 → F → J0 → J1 → · · · is an acyclic
resolution, then hn(Γ(X, J•)) ' Hn(X,F ).

(3) Let U = (Ui) be an open covering of X. Let

0→ F → C 0(U ,F )→ C 1(U ,F )→ · · ·

be the Čech resolution. Let Cn(U ,F ) = Γ(X,C n(U ,F )). The n-th Čech
cohomology is defined to be Ȟn(U ,F ) = hn(C•(U ,F ))

Fact 3.1. Let F be a sheaf on X. Let U be an open set of X. If F is flasque,
then F |U is flasque.

Proof. For all inclusion of open sets V ⊂W in U , the restriction

(F |U)(W ) = F (W )→ F (V ) = (F |U)(V )

is surjective. �

Fact 3.2. Let f : X → Y be a continuous map. Let F be a sheaf on X. Let f∗F
be the sheaf on Y such that f∗F (U) = F (f−1(U)) for all open set U of X. If F
is flasque, then f∗F is flasque.

Proof. For all inclusion of open sets V ⊂ U in Y , since f is continuous, f−1(V ) ⊂
f−1(U) is an inclusion of open sets in X. Since F is flasque, the restriction
F (f−1(U))→ F (f−1(V )) is surjective, i.e. f∗F (U)→ f∗F (V ) is surjective. �

Fact 3.3. If Fi are flasque sheaves for all i ∈ I, then
∏
i∈I

Fi is a flasque sheaf.

Proof. For all inclusion of open sets V ⊂ U in X, since Fi is flasque, Fi(U) →
Fi(V ) is surjective. Then

∏
i∈I

Fi(U)→
∏
i∈I

Fi(V ) surjective. �

Proposition 3.4. Ȟn(U , •) = RnȞ0(U , •) : Mod(OX)→ Ab.

Proof. It suffices to show that Ȟn(U , •) is a universal δ-functor. It is a δ-functor
since it is cohomology of a cochain complex. We show that Ȟn(U , •) is effacable.
Since Mod(OX) has enough injectives, it suffices to show that for all injective
OX -module I, Ȟn(U , I) = 0 for all n ≥ 1.

By Fact 3.1, Fact 3.2 and Fact 3.3,

C n(U ,F ) =
∏

i0<i1<···<in in I

(jUi0∩···∩Uin )∗(F |Ui0 ∩ · · · ∩ Uin)

is flasque. By Theorem 2.8, Ȟn(U , I) = Hn(X, I). Finally, by Example 2.2,
Hn(X, I) = 0. Therefore Ȟn(U , •) is effacable. �

Note that Cn(U ,F ) =
∏

i0<···<in
F (Ui0 ∩ · · · ∩Uin), from now on, we extend our

definition of Čech cohomology to

Ȟn(U , •) : PreMod(OX)→ Ab
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Let ι : Mod(OX) → PreMod(OX) be the inclusion/forgetful functor. Then
Γ(U, •) = Γpre(U, •) ◦ ι where Γpre(U, •) is the presheaf global section functor for
all open set U of X,.

Lemma 3.5. Then for all F ∈Mod(OX) and Γpre(U,R
qι(F )) ' Hq(U,F ).

Proof. Let G1 = ι, it is left exact. Let G2 = Γpre(U, •) : PreMod(OX) →
Mod(OX). Then G2 is exact and hence RpG2 = 0 for all p ≥ 1. If I is an
injective OX -module, then ι(I) is Γpre(U, •)-acyclic.

By Grothendieck spectral sequence,

Ep,q2 = RpG2(RqG1(F ))⇒ Lp+q = Rp+q(G2 ◦G1)(F ),

where Ep,q2 = 0 for all p ≥ 1. Then Ep,q2 = Ep,q∞ =
F pLp+q

F p+1Lp+q
. We have

F 1Lp+q = F 2Lp+q = · · · = F p+q+1Lp+q = 0

.
When p = 0, we have Γ(U,Rqι(F )) = R0G2(RqG1(F )) = E0,q

2 = E0,q
∞ =

F 0Lp+q

F 1Lp+q
= Lp+q = Rq(Γ(U, ι(F ))) = Rq(Γ(U,F )) = Hq(U,F ). �

Lemma 3.6. Let U = (Ui)i∈I be an open covering of X. There exists an exact
sequence

Ep,q2 = Ȟp(U , Rqι(F ))⇒ Hp+q(X,F ).

Proof. Let G1 = i and G2 = Ȟ0(U , •). If I is an injective OX -module, then by
Proposition 3.4, ι(I) is Ȟ0(U , •)-acyclic.

By the Grothendieck spectral sequence,

Ep,q2 = RpG2(RqG1(F ))⇒ Lp+q = Rp+q(G2 ◦G1)(F ),

By Proposition 3.4, Ep,q2 = RpȞ0(U , •)(Rqι(F )) = Ȟp(U , Rqι(F )). Also

Lp+q = Rp+q(Ȟ0(U , •) ◦ ι)(F ) = Rp+q(Γ(X, •))(F ) = Hp+q(X,F ).

�

Theorem 3.7. If Hq(Ui,F ) = 0 for all Ui and q ≥ 1, then Ȟp(U , ι(F )) '
Hp(X,F ) for all p ≥ 0.

Proof. By Lemma 3.5, Γpre(U,R
qι(F )) ' Hq(U,F ) = 0 for all q ≥ 1. Then

C•(U , Rqι(F )) = 0. By Lemma 3.6,

Ep,q2 = Ȟp(U , Rqι(F ))⇒ Lp+q = Hp+q(X,F ).

Hence Ep,q2 = 0 for all q ≥ 1. Then 0 = Ep,q2 = Ep,q∞ =
F pLp+q

F p+1Lp+q
for all p and for

all q ≥ 1. Then Lp = F 0Lp = F 1Lp = · · · = F pLp.

Then Ȟp(U , ι(F )) = Ep,02 = Ep,0∞ =
F pLp

F p+1Lp
= Lp = Hp(X,F ). �

Example 3.8. H1(P1
C,Z) = Z.

Proof. Let π : C2 \ {(0, 0)} → P1
C be the canonical quotient map. Let U0 =

{π(x0, x1) | x0 6= 0}. Then U0 ' A1
C, π(x0, x1) 7→ x1

x0
:= x. Let U1 = {π(x0, x1) | x1 6=

0}. Then U1 ' A1
C, π(x0, x1) 7→ x0

x1
:= y. We have U0 ∩U1 = P1

C \ {π(1, 0), π(0, 1)}
has two connected components.
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Since U0, U1 ' A1
C are irreducible, by Example 2.10, Hi(U0, Z) = 0 andHi(U1, Z) =

0 for all i ≥ 1. Let U = (U0, U1). Then

C0(U , Z) = Γ(U0, Z)⊕ Γ(U1, Z) = Z⊕ Z,

C1(U , Z) = Γ(U0 ∩ U1, Z) = Z⊕ Z,
d0(a, b) = (a− b, a− b)

The complex is

0→ C0(U ,Z)
d0−→ C1(U ,Z)→ 0

Finally, by Theorem 3.7,

H1(P1
C,Z) ' Ȟ1(U ,Z) =

C1(U ,Z)

Im(d0)
' Z⊕ Z

Z
' Z.

�

Definition 3.9. An open covering U ′ = (U ′j)j∈J is called a refinement of U =
(Ui)i∈I if there exists a map ϕ : J → I such that U ′j ⊂ Uϕ(j).

Fact 3.10. (1) If ϕ : J → I gives a refinement U ′ = (U ′j)j∈J of U = (Ui)i∈I , then

there exists a homomorphism ϕ∗ : Ȟn(U ′,F )→ Ȟn(U ,F ).
(2) If ϕ1, ϕ

′ : J → I give two refinements U ′ = (U ′j)j∈J of U = (Ui)i∈I , they

give the same homomorphism ϕ∗ = ϕ′∗ : Ȟn(U ′,F )→ Ȟn(U ,F ).
(3) Cohomology groups of open coverings and corresponding homomorphisms of

refinements form a directed system.

Proof. Omit. �

Definition 3.11. The Čech cohomology of presheaf F of OX -modules is

Ȟn(X,F ) = lim
−→

Ȟn(U ,F ).

Lemma 3.12. There exists an exact sequence

Ep,q2 = Ȟp(X,Rqι(F ))⇒ Hp+q(X,F ).

Proof. Let G1 = i and G2 = Ȟ0(X, •). Let I be an injective sheaf of OX -modules.
Since ι(I) is Ȟ0(U , •)-acyclic for all U , ι(I) is Ȟ0(X, •)-acyclic.

By Grothendieck spectral sequence,

Ep,q2 = RpG2(RqG1(F ))⇒ Lp+q = Rp+q(G2 ◦G1)(F ),

where Ep,q2 = RpȞ0(X, •)(Rqι(F )) = Ȟp(X,Rqι(F )) and

Lp+q = Rp+q(Ȟ0(X, •) ◦ ι)(F ) = Rp+q(Γ(X, •))(F ) = Hp+q(X,F ).

�

Definition 3.13. Let F be a presheaf. Its sheafification #F is a sheaf, for all
open set U , (#F )(U) consists of sections s : U →

∏
P∈U

FP such that

(1) s(P ) ∈ FP for all P ∈ U .
(2) For all P ∈ U , there exists an open neighborhood V of P in U and t ∈ F (V )

such that tQ = s(Q) for all Q ∈ V .

Fact 3.14. The sheafification functor # : PreMod(OX)→Mod(OX) is exact.

Proof. Sketch: Since lim
−→

is left exact and (2) above. �
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Lemma 3.15. Ȟ0(X,Rqι(F )) = 0 for all q ≥ 1.

Proof. By Fact 3.14 Rp# = 0 for all p ≥ 1. In particular, if I is an injective sheaf
of OX -modules, then ι(F ) is #-acyclic.

By the Grothendieck spectral sequence,

Ep,q2 = Rp#(Rqι(F ))⇒ Lp+q = Rp+q(# ◦ i)(F ),

where Ep,q2 = 0 for all p ≥ 1. Also Ln = Rn Id(F ) = 0 for all n ≥ 1 because

Id is exact. Then #(Rqι(F )) = E0,q
2 = E0,q

∞ = 0 for all q ≥ 1. Therefore
Ȟ0(X,Rqι(F )) = Γpre(X,R

qι(F )) = Γ(X,#(Rqι(F ))) = 0 for all q ≥ 1. �

Theorem 3.16. For all F ∈ Ab(X),
(a) Ȟ0(X, ι(F )) ' H0(X,F )
(b) Ȟ1(X, ι(F )) ' H1(X,F )
(c) There exists and exact sequence

0→ Ȟ2(X, ι(F ))→ H2(X,F )→ Ȟ1(X,R1ι(F ))→ Ȟ3(X, ι(F ))

Proof. By Lemma 3.12 and Lemma 3.15, there exists an exact sequence

Ep,q2 = Ȟp(X,Rqι(F ))⇒ Lp+q = Hp+q(X,F ).

such that E0,q
2 = 0 for all q ≥ 1.

(3.17)
...

...
...

...

0

((

0

((

E1,2
2 E2,2

2 · · ·

0

&&

0

((

0

((

E1,1
2

((

E2,1
2

((

E3,1
2 · · ·

0 E0,0
2

))

E1,0
2

))

E2,0
2

((

E3,0
2 · · ·

0 0 0 0 0 0

(a) Ȟ0(X, ι(F )) = E0,0
2 = E0,0

∞ =
F 0L0

F 1L0
= L0 = H0(X,F ).

(b) Ȟ1(X, ι(F )) = E1,0
2 = E1,0

∞ =
F 1L1

F 2L1
= F 1L1.

Since 0 = E0,1
2 = E0,1

∞ =
F 0L1

F 1L1
=
H1(X,F )

F 1L1
, we have H1(X,F ) = F 1L1.

Hence Ȟ1(X, ι(F )) = F 1L1 = H1(X,F ).

(c) Ȟ2(X, ι(F )) = E2,0
2 = E2,0

∞ =
F 2L2

F 3L2
= F 2L2.

Since 0 = E0,2
2 = E0,2

∞ =
F 0L2

F 1L2
=
H2(X,F )

F 1L2
, we have H2(X,F ) = F 1L2.

Since 0 = E−2,33 → E1,1
3 → E4,−1

3 = 0, E1,1
3 = E1,1

∞ =
F 1L2

F 2L2
.
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Since 0→ F 2L2 → F 1L2 → F 1L2

F 2L2
→ 0 is exact,

0→ Ȟ2(X, ι(F ))→ H2(X,F )→ E1,1
3 → 0

is exact. By E1,1
3 = ker(d1,12 : E1,1

2 → E3,0
2 ) = ker(Ȟ1(X,R1ι(F ))→ Ȟ3(X, ι(F ))),

we have that

0→ Ȟ2(X, ι(F ))→ H2(X,F )→ Ȟ1(X,R1ι(F ))→ Ȟ3(X, ι(F ))

is exact. �

Example 3.18. Grothendieck [Gro57, 3.8.3] gives an example such that

Ȟ2(X, ι(F )) = 0 and H2(X,F ) = Z.

Let X = A2
C, Y1 = Z(x2 + y2 − 1), Y2 = Z(x2 − 2x + y2), Y = Y1 ∪ Y2. Then

Y1 and Y2 are irreducible and Y1 ∩ Y2 = {( 1
2 ,
√
3
2 ), ( 1

2 ,−
√
3
2 )} Let ZX be the locally

constant sheaf on X associated to Z. If j : F ↪→ X is the inclusion of a closed set,
then we define ZF = j∗(ZX |F ). If i : U ↪→ X is the inclusion of an open set, then
we define ZU = i!(ZX |U).

(1) H2(X,ZX\Y ) ' H1(X,ZY ). From the short exact sequence

0→ ZX\Y → ZX → ZY → 0,

we obtain a long exact sequence

· · · → H1(X,ZX)→ H1(X,ZY )→ H2(X,ZX\Y )→ H2(X,ZX)→ · · ·

Since X is irreducible, by Example 2.10, we have H1(X,ZX) = 0 and H2(X,ZX) =
0. Then H2(X,ZX\Y ) ' H1(X,ZY ).

(2) H1(X,ZY ) ' Z. From the short exact sequence

0→ ZY → ZY1
⊕ ZY2

→ ZY1∩Y2
→ 0

we obtain a long exact sequence

· · · → H0(X,ZY1⊕ZY2)
f−→ H0(X,ZY1∩Y2)→ H1(X,ZY )→ H1(X,ZY1⊕ZY2)→ · · ·

Where H0(X,ZY1
⊕ ZY2

) ' H0(X,ZY1
) ⊕H0(X,ZY2

) = Γ(X,ZY1
) ⊕ Γ(X,ZY2

) '
Z⊕Z. Since Y1∩Y2 has two connected components, H0(X,ZY1∩Y2) = Γ(X,ZY1∩Y2) '
Z ⊕ Z. The map f : Z ⊕ Z → Z ⊕ Z is defined as f(m,n) = (m − n,m − n) for
all m,n ∈ Z. By Example 2.10, H1(X,ZY1

⊕ ZY2
) ' H1(X,ZY1

) ⊕H1(X,ZY2
) '

0⊕ 0 = 0. Hence, H1(X,ZY ) = coker(f) =
Z⊕ Z
Im(f)

' Z.

It follows from (1)(2) that H2(X,ZX\Y ) ' H1(X,ZY ) ' Z.

(3) Let U be an open set such that |U ∩ Y1 ∩ Y2| ≤ 1, we calculate H1(U,ZU\Y ).

From the short exact sequence

0→ ZU\Y → ZU → ZU∩Y → 0,

we obtain a long exact sequence

0→ H0(U,ZU\Y )→ H0(U,ZU )
g−→ H0(U,ZU∩Y )→ H1(U,ZU\Y )→ H1(U,ZU )→ · · ·

where H0(U,ZU ) ' Z and by Example 2.10, H1(U,ZU ) = 0.
(3a) Suppose U ∩ Y1 6= ∅, U ∩ Y2 6= ∅ and U ∩ Y1 ∩ Y2 = ∅. Then U ∩ Y has two

connected components, H0(U,ZU∩Y ) = Z⊕ Z. Also g(m) = (m,m) for all m ∈ Z.

Hence H1(U,ZU\Y ) ' Z⊕ Z
Im(g)

' Z.
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(3b) Suppose U ∩ Y1 6= ∅ or U ∩ Y2 6= ∅ or U ∩ Y1 ∩ Y2 6= ∅. Then U ∩ Y
has at most one connected component. If U ∩ Y = ∅, then H0(U,ZU∩Y ) = 0
and hence H1(U,ZU\Y ) = 0; If U ∩ Y has only one connected component, then

H0(U,ZU∩Y ) = Z, g = IdZ and hence H1(U,ZU\Y ) = 0.

(4) We show that Ȟ1(X,R1ι(ZX\Y )) ' Z. Let U = (Ui)i∈I be an open covering

such that there exists a unique a ∈ I such that ( 1
2 ,
√
3
2 ) ∈ Ua; there exists a unique

b ∈ I, b 6= a such that ( 1
2 ,−

√
3
2 ) ∈ Ub; for all i ∈ I \{a, b}, Ui∩Y1 = ∅ or Ui∩Y2 = ∅.

Then Ui satisfies (3b) for all i ∈ I.
Consider the Čech complex

C0(U , R1ι(ZX\Y ))
d0−→ C1(U , R1ι(ZX\Y ))

d1−→ C2(U , R1ι(ZX\Y ))→ · · · .
Then

C0(U , R1ι(ZX\Y )) =
∏
i∈I

Γpre(Ui, R
1ι(ZX\Y ))

'
∏
i∈I

H1(Ui,ZUi\Y ) by Lemma 3.5

= 0 by (3b)
.

C1(U , R1ι(ZX\Y )) =
∏
i<j

Γpre(Ui ∩ Uj , R1ι(ZX\Y ))

'
∏
i<j

H1(Ui ∩ Uj ,ZUi∩Uj\Y ) by Lemma 3.5

' H1(Ua ∩ Ub,ZUs∩Ut\Y ) by (3b)
' Z by (3a)

For all i ∈ I \ {a, b}, Ui ∩ Ua ∩ Ub satisfies (3b), then

C2(U , R1ι(ZX\Y )) =
∏

i<j<k

Γpre(Ui ∩ Uj ∩ Uk, R1ι(ZX\Y ))

'
∏

i<j<k

H1(Ui ∩ Uj ∩ Uk,ZUi∩Uj∩Uk\Y ) by Lemma 3.5

= 0 by (3b)

Then the the Čech complex becomes 0
d0−→ Z d1−→ 0→ · · · and hence Ȟ1(X,R1ι(ZX\Y )) '

Z.
(5) Finally, we show that Ȟ2(X, ι(ZX\Y )) = 0. By Theorem 3.16(c), we have a

commutative diagram with exact rows

0 // Ȟ2(X, ι(F )) // H2(X,F ) //

(1)(2)

Ȟ1(X,R1ι(F )) //

(4)

Ȟ3(X, ι(F ))

dim(X)=2

0 // Ȟ2(X, ι(F )) // Z // Z // 0

Therefore Ȟ2(X, ι(ZX\Y )) = 0.

To summarize, let F = ZX\Y , we have Ȟ2(X, ι(F )) = 0 6= H2(X,F ) = Z.
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